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UNIFORM APPROXIMATION OF MUCKENHOUPT WEIGHTS
ON FRACTALS BY SIMPLE FUNCTIONS

MARILINA CARENA AND MARISA TOSCHI

ABSTRACT. Given an Ap-Muckenhoupt weight on a fractal obtained as the
attractor of an iterated function system (IFS), we construct a sequence of
approximating weights, which are simple functions belonging uniformly to the
Ap class on the approximating spaces.

INTRODUCTION

Let us start by describing our general framework. Let (X, d) be a compact metric
space with diameter 1, i.e. sup, ,.x d(z,y) =1. Let u be a Borel probability on X
such that there exist constants K7, Ky and v > 0 for which the inequalities

Kir? < u(B(z,1)) < Kor”

hold for every z € X and r € (0,1]. Sometimes this property is called Ahlfors
condition or is described by saying that (X, d, p) is an Ahlfors space of dimension ~.
It is easy to see that such space (X, d, 1) is a space of homogeneous type. This means
that there exists a constant A > 1 such that 0 < u(B(z,2r)) < Au(B(z,r)) < oo for
every x € X and every r > 0.

Let ® be a finite set of contractive similitudes ® = {¢; : X - X,i=1,2,..., H}
with the same contraction rate. Precisely, each ¢, satisfies

d(¢i(z), 9:(y)) = Bd(z,y)

for every z,y € X and some constant 0 < 8 < 1. The set @ is called iterated function
system (IFS). We shall assume that ® satisfies the open set condition (OSC). This
means that there exists a non-empty open set U ¢ X such that

H
L,J1¢i(U) cl,

and ¢;(U)n¢;(U) =@ if i # j. When U satisfies these properties we say that U is
a set for the OSC for ®.

For neN, set 3% ={1,2,...,H}". Given ¢ = (i1,42,...,%,) € I, we denote with
¢; the composition ¢;, o¢;  o--+0@d;, od;,. Then for any subset E of X we have
37 (E) = (1, 0 61, 0+ 0 by 065, ) (E). Set X7 = ¢ (X) and X" = Ujegn X

It is well known that the sequences of sets (X™),, converges is the sense of the
Hausdorff distance to a non-empty compact set X, which is called the attractor
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of the system ®. This set satisfies
H
X =U¢i(X™)
i=1

and it is the only set in X satisfying this property. Moreover, since ¢;(X) € X
for every 4, then X*° = N>, X™ (see [6] or [4]). So that the system ® defines or
represents the set X °.

We shall also assume that ® satisfies the adjacency property. That means that

there exists a positive constant ¢ such that the inclusion
B(¢i (2),r) n X} < B(¢j(2),cr) n Xj
holds for every n € N, every 2,5 € 3", every r >0 and every z € X.

As a simple example, the system ® = {z/3,2/3 + 2/3} associated to the middle-
third Cantor set satisfies the adjacency property on X =[0,1]. Also, some of the
classical fractals can be obtained through somehow non-standard IFS’s satisfying
it. For example, for the Sierpinski gasket we can slightly modify the usual IFS
defined on the triangle X with vertices at a = (0,0), b = (1/2,4/3/2) and c = (1,0).
If pp denotes the rotation of @ radians about the origin of R? in the positive sense,
we have that the IFS given by ® = {¢1, ¢, ¢3}, where

61(59) = 5 (0),
62(2,9) = 3 (Pangs(0) 4,

1
¢3(x7 y) > 5(/’2#/3(% y)) +v,
with v = (%, ?
to the standard Sierpinski triangle. For the Sierpinski carpet, the same is true with
®={¢;:1<i<8)} given by

G1(0.9) = 5 (00), Gae,y) = T3 o(S2(61(20))),

o3(z,y) =Tz o($1(2,y)),  dalz,y) =Ty 2(S1(1(2,9))),

03(2.9) =Ty 3 (S1(01(@.9))),  do(a,) = Ty 3 (61 (,)),

¢7(w,y) =Tz 2(S2(91(2,9))),  Ps(2,y) =Tz 2(1(2,9)),
defined on the unit square X of R? with vertices (0,0), (1,0), (1,1) and (0,1),
where T, y(z,y) = (z +a,y +b), Si(z,y) = (z,-y) and Sa(z,y) = (-z,y).

), satisfies the adjacency property (see [1]), the OSC and gives rise

Now, we need to define three maximal operators which are related through The-
orem 3 of [1]. We will state and used this theorem to prove one of the two main
result of this work.

The first one is the Hardy-Littlewood centered maximal function in (X,d,u)
given by

1
Mh(z) = su 7f ()| du(y),
(z) B B(ml (»)du(y)

for he Ll (X, p).

The second one is a discrete version of the Hardy-Littlewood maximal operator
applied to a real function g defined on 3. Let us fix xg € U and for 2, j € 3" define
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d(i,j) = d(#; (20), #; (20)). ForneN, i€ 3" and r > 0, set B(4,r) to denote the d-
ball of radius r in (3", d). More precisely, B(i,7) = {j € 3" : d(¢} (x0), @5 (z0)) <7}
We shall consider the Hardy-Littlewood type maximal function as

1
mng('l:) = sup

P Card(BEn) e, O

where card(E) denotes de number of elements of the set E. We have to point out
that d and hence the 9,,’s depend on xg € U, but we shall fix it from now on.
The last maximal operator is given by

1
M) =sup s [ )] dia ),

for h e L{, (X", upn) where p™ is the natural “uniformly distributed” probability

measure induced by p on X™. More precisely,

1
W) = Y n((65)7 ()
Jeam
for £ a Borel set in X™. In other words, p" = H™" ¥ 5n py, with pj(E) =
u((qb?)_l(E)). Notice that My = M under the standard assumption X° = X
and 10 = p.

It is well known that the sequence of measures (™), converges in the weak
star sense to a Borel probability measure > supported on the attractor X*.
This measure is called invariant measure or self-affine measure since is the unique
satisfying

1 H
B = 5 D (e ()

for every Borel set A, and also

H
J @@= 53 [ oo i),

for every continuos function ¢ on X (see [6] or [4]). Moreover, the results in [7]
show that (X, d,u>) is an Ahlfors space of dimension s = ~logg H.

Let us finally introduce a definition that shall be used in Theorem 6. We shall
say that the system ® has null overlapping if p"(X;' n XJ') = p= (X7 n X7) =0
for every n and every ¢, j € 3% @ # j. In other words, ® has null overlapping if
P ({2 Tiean Xxp(2) > 1}) = 1™ ({2 Tiezn Xxp (2) > 1}) = 0.

Remark 1. This property is not strong in the sense that the most of the typical
fractals satisfying it. In particular, the examples given above have null overlap-
ping. This property is equivalent to that the measures p" and p® are uniformly
distributed, in the sense that *(X7) = u"(X}') = H™" for every j € 3". In fact,
taking A = X7 in

1 H
) = g 2 ()

we easily obtain that p*(XJ) > H™™. On the other hand, if p*(X7) > H™
for some j € 3", from the null overlapping property of the system ® we obtain
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p=(X*) > 1. Since u™ is a probability measure on X*°, we have that p*(X}') =
H™, and the same holds for .

With the above notation, we are in condition to state the following result proved
in [1].

Theorem 2. There exists a geometric constant C' such that the inequality

M, f (7 (2)) < CMy, (M(f © 9")(2)) ()
holds for every f e LY(X™,u™), z € X, i € 3" and n € N, where M(f o ¢")(2)
denotes the function g on 3" defined by g(j) = M(f o ¢j;)(2).

Also we shall collect in the next lemma some elementary properties which are
proved in [1] and [3].

Lemma 3. Let (X,d, 1) and @ as above.
(1) The sequence {(X",d,u™) : n € N} is a uniform family of spaces of homo-
geneous type. In other words, there exists a constant A such that

0<p"(B(x,2r)) < Ap™(B(z,r))

for everyr>0, x e X™ and n € N.
(2) For each n €N we consider the set A, = {d);}(xo) :j €I} Then
(a) for every n € N we have that A, is a 08"-disperse set, with § =
dist(zo,0U). This means that d(¢j (x0), @; (x0)) > I6™ for everyi # j
in I";
(b) {(A,,d,card) : n € N} is a sequence of spaces of homogeneous type
with a uniform doubling constant A.
(3) If h is an integrable real function on (X, un) then for each neN and j € I
the function ho @7 is integrable on (X3, pn3) and

[ nodidu= [ ndus.

1. MAIN RESULTS

A weight w is a non-negative function in L} (X,u). Given 1 < p < oo, we
shall say that a weight w is an A,-Muckenhoupt weight on (X, p) if there exists a
constant C such that the inequality

() (o) <cwmy

holds for every d-ball B in X. We shall also use the notation w € A,(X,d, ), and
we shall say that C' is a Muckenhoupt constant for w. It is well known that if
(X,d, p) is a space of homogeneous type and w € A,(X,d, u), then | M f|pr(ap <
Cpl fllLr(au)- Actually, a weight w is an A,-Muckenhoupt weight on (X, u) if and
only if | M f| v wap) < Cpow | fllLr(way) (see [8]). A classical reference for the theory
of Muckenhoupt weights in the Euclidean space is [5].

We shall use the symbol % to denote the weak star converge of measures. Also,
we shall use the letter C' to denote a generic constant not necessarily the same at
each occurrence. The next statement contains the first of the two main results of
the paper.

Theorem 4. Let v" = ¥ ;50 v(2) uff, with p(E) = u((p7) ' (E)). Then
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(1) if v(i) € Ay(I",d,card) uniformly in n, then dv™ = w,du”, with w, €
Ap(X",d, u™) uniformly in n;
(2) if also we have that v" 5 v, then dv = wdp, with w € Ap(X =, d, u™).
Proof. Using Theorem 2, the hypothesis (1) and the LP boundedness of M on
(X,d,p) and 9, on (I",d, card) we obtain

[ pgpar = [ M@ EDI (@) du(2)

1eJm
< CfX Zj: |9, (M (f o d™)(2)) (8)] v(3) du(z)
< C [ ¥ MG e aD I dn(:)
O [T i
= O‘/;m |fIP dv™.

Then, by Theorem 4 in [2] we have that v™ is absolutely continuous with respect
to p”, and its Radon-Nikodym derivative is an A,(X",d, u") weight. Finally, if
v 5 v, by Theorem 8 in [2] we have that v is absolutely continuous with respect
to u™, and its Radon-Nikodym derivative is an A,(X*,d, 1*°) weight. O

In order deal with the second result, we shall state and prove the following
auxiliary result.

Lemma 5. There exist constants ¢; and co such that

U X7 <cB(oi(@™),eir)e U B(¢j(x0),8"),

jeB(i,r) jeB(4,car)
for everyneN, r>§B", 1T and = € X*. As before, 6 = dist(zq,0U).
Proof. Let us fix n e N, 7 > 68", 1€ J" and 2 € X*°. Let z = ¢; («*). Fix also
Jj€B(i,r) and y € X7'. Then we have that d(@j (o), #; (z0)) <7 and that there
exists yo € X such that y = ¢} (yo). Then
d(y,z) <d(dj (o), @5 (w0)) + d(Pj (x0), @i (x0)) + d(e; (20), x)
< B"d(wo,yo) + 7+ 8"
< cr,
where c; = % +1. So that Ujep X} < B(x,cq1r), which proves the first inclusion.
In order to prove the second one, since diam(X;l) = 4", it is enough estimate the
number of sets X7 which intersects to B(z,c17). In other words, we only have to
prove that if j is such that X' n B(z,c17) # @, then j € B(¢,cor) for some cz. In
fact, for a such j, there exists y € X with d(y,x) < cyr. Then
d(3.7) = d(¢ (o), &7 (20))
<d(¢j(wo),y) +d(y, =) + d(z, ¢ (20))
< Bn +cir+ ﬂn
<car,

where ¢ = % + 1, which completes the proof. (]
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Now, we are in condition to state and prove the second main result of this work.

Theorem 6. Asume that the system ® has null overlapping. Givenw € Ap(X>,d,u>),
for each natural number n let us define a measure v™ on X by

V= Y o(i)duy,
1eJn
where v(i) = gty [xp w() A= () = gx fxpw(y) dp=(y). Then dv" =

wypdp™, with wy, € Ay(X™, u") uniformly in n, and v" 5 v where dv = wdp®.
Moreover,
wn(@) = ¥ ( £ w(y)dmw) X (2),
eJn X3
where X4 denotes the indicator function on the set A.
Proof. From (1) in Theorem 4, in order to have dv™ = w,du"™ it is enought to prove

that v(4) € Ap(J",J7 card) with constant which does not depend on n. Then we
shall fix n, i € 3" and r > 0. Let B:= B(¢,r). We have to prove that

(Z v(j)) ( » v(j)fp) < Ccard(B)?,

jeB jeB
for some constant C' which does not depend on B or n. Notice that if r < 5™, from

(2a) in Lemma 3 we have that B(%,7) = % and the above inequality trivially holds
with C'=1. Then we shall assume that r > §3", and we will show that

1

(L) (Z ]i,}w(y)duf”(y))(Z( £ nw(y)du""(y))w) OBy

jeB jeB J
Let us recall that p*(X7) = H™" for every j € 3". Now, with s = ~logg H we
obtain p*(X[") = 8°". Notice also that from Hélder inequality we have

p=my = [owum) i w)

<( [ wma=m)( [om Ha=wm)

for every p*-measurable subset £ of X. Taking E' = X' we obtain

1

(]lXJ w(y)du""(y))l_p < ]g] w(y) ™ du (y).

Replacing in (1.1), from the null overlapping and Lemma 5 we have

(1)< (Z ngw(y)du‘”(y)) (ZB £ v du""(y))

jeB

1

Cp gnsp (;ZB fX w(y) du”(y)) (JZL; fX w(y) ™ du“’(y))

1 - I p-1
< Crpnen (/Ujeg X;w(y)du (y)) (/Um X;w(y) = (y))

<
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<ai oo v@a@) ([ e du‘”(y))p_l

p= (B(x, err))”,

C,
= cpgnsp
where C), denotes the Muckenhoupt constant for w in (X*°,u*) and x = ¢; (z*)

for any z°° € X fixed. Notice that z belongs to X, since X = U, ¢;(X>).
Finally, we use the second inclusion in Lemma 5 to obtain

p=(B(zar)) < Y p= (B (x0,8"))) < A" card(B),
ieB(4,car)
where in the last inequality we have used that (X, d, u*) is a normal space of
dimension s and (2b) in Lemma 3.

Hence, we have proved that v() € A,(J",d,card) with constant which does not
depend on n and consequently, we have that dv" = w,dp" with w, € A,(X",d, u")
uniformly in n.

Moreover, by definition of ¥™ we have

S @ wn@ i@ = 3 [ @) dii @)

eJn

> H" [ @) (@) g (@) du” (2)

1eJn

an f(z) (H" > v(i)XX:(x)) du™ ().

o= (£,

1eJn i

Then
w(y)du“’(y)) Xxp (2),

where X4 denotes the indicator function of the set A.
Finally, we have to proved the weak star converge. In order to do that, we shall
fix a continuous function ¢ on X. We shall prove that

lim [ e(@)wn@)dm = [ o()yu(a)dn™.

n— oo

Notice first that

[ e@wa(@ydi = [ o) ¥

1eJn

- % [ forto )
1 oo

- /. g(mm /. sa(x)»cX;(x)dun(x))xxg(mw(y)du ()

:fXgn(y)w(y)du”(y),

where g, (y) = Y ieqn (W [x p(x) Xxp (x)dun(x)) Xxr(y). So that we have
to show that

( (Xn)fw(y)?fxg(y)du“(y)) Xxp () dpn ()

w(y) Xxp (¥)dp™ (y) dpn ()

Jggofxgn(y)w(y)du”(y)=sz0(y)w(y)du°°(y)~
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From the null overlapping property and the fact that p*~(X}') = p"(X}') = H™",
for each y € X*° we have

1
gn(y) = W/XSO(CU) XX;)@) dpin ()
pn (X))
) fx% o () djin ()

= £, e@)d(@),

20

where ¢ depends on y and n. Since X is compact, ¢ is uniformly continuous on
X, so that given € > 0 there exists 6 > 0 such that |o(z) — ¢(y)| < € provided that
d(z,y) <. Let Ny be such that 8" < ¢ if n > Ny. Hence, since diam(Xj! ) = 8", for
every n > Ny we have

OREOE ‘ £, o) - p@)]dun(a)
< | I¢(@) = o(@) dun(a)

i0
<E.

So that lim,— gn(y) = ©(y), and from the Lebesgue dominated convergence the-
orem we obtain

T}gr;of)(gn(y)w(y)du”=fX<p(x)w(y)du°°,

and the theorem is proved. (I

REFERENCES

[1] Hugo Aimar and Marilina Carena. Pointwise estimate for the Hardy-Littlewood maximal
operator on the orbits of contractive mappings. J. Math. Anal. Appl., 395(2):626-636, 2012.

[2] Hugo Aimar, Marilina Carena, and Bibiana Iaffei. Completeness of Muckenhoupt classes. J.
Math. Anal. Appl., 361(2):401-410, 2010.

[3] Hugo Aimar, Marilina Carena, and Bibiana Iaffei. Boundedness of the Hardy-Littlewood
Maximal Operator Along the Orbits of Contractive Similitudes. J. Geom. Anal., 23(4):1832—
1850, 2013.

[4

Kenneth Falconer. Techniques in fractal geometry. John Wiley & Sons Ltd., Chichester, 1997.

[5] José Garcia-Cuerva and José L. Rubio de Francia. Weighted norm inequalities and related
topics, volume 116 of North-Holland Mathematics Studies. North-Holland Publishing Co.,
Amsterdam, 1985. , Notas de Matematica [Mathematical Notes], 104.

[6] John E. Hutchinson. Fractals and self-similarity. Indiana Univ. Math. J., 30(5):713-747, 1981.

[7] Umberto Mosco. Variational fractals. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25(3-4):683—
712 (1998), 1997. Dedicated to Ennio De Giorgi.

[8] B. Muckenhoupt. Weighted norm inequalities for the Hardy maximal function. Trans. Amer.
Math. Soc., 165:207-226, 1972.



ISSN 2451-7100
IMAL PREPRINT # 2016-0035 Publication date: December 19, 2016

UNIFORM APPROXIMATION OF MUCKENHOUPT WEIGHTS ON FRACTALS 9

FAcuLTAD DE INGENIERA QUMICA (UNL) RESEARCHER OF CONICET, DEPARTAMENTO DE
MATEMATICA (FHUC-UNL), SANTA FE, ARGENTINA.
E-mail address: mcarena@santafe-conicet.gov.ar

INSTITUTO DE MATEMATICA APLICADA DEL LITORAL (CONICET-UNL), DEPARTAMENTO DE
MATEMATICA (FHUC-UNL), SANTA FE, ARGENTINA.
E-mail address: mtoschi@santafe-conicet.gov.ar





